Abstract. We study equivariant Gromov-Hausdorff distances for general continuous actions which are not necessarily isometric ones as Fukaya introduced [12] [13] [14] [15] . We prove that if an action is expansive and has pseudo-orbit tracing property then it is stable under our new equivariant Gromov-Hausdorff topology. Finally, via Lott and Villani's ideas of optimal transport in [23], we investigate equivariant Gromov-Hausdorff convergence for actions of compact groups on Wasserstein spaces. Furthermore, we actually prove the latter result for actions of general locally compact amenable groups.
Introduction
Gromov-Hausdorff distance on spaces of metric spaces was introduced by Gromov in his pioneer work in 1981 [16] when he proved his celebrated theorem: a finitely generated group is virtually nilpotent if and only it has polynomial growth. After that it has been used to study extensively in convergence and collapsing theory in modern Riemannian geometry by Cheeger, Colding, Fukaya, Gromov, and Yamaguchi [6, 7, [12] [13] [14] [15] . In particular, in 1980s-1990s [12] [13] [14] [15] , Fukaya introduced the notion of equivariant Gromov-Hausdorff convergence for isometric actions of topological groups on Riemannian manifolds to study collapsing of Riemannian under bounded curvature and diameter, and fundamental groups of almost negatively curved manifolds. As now we would like to study distances on the space of continuous actions, which may be not isometric, a system study of adapted versions of equivariant Gromov-Hausdorff distance would be needed.
On the other hand, from Perelman's stability theorem in Alexandrov geometry, we know that for every k ∈ R, n ∈ N, every compact Alexandrov n-space X of curvature ≥ k is stable under the Gromov-Hausdorff topology in the sense that there exists ε > 0 such that for every compact Alexandrov n-space Y of curvature ≥ k with d GH (X, Y ) < ε is indeed homeomorphic to X, and every ε-Gromov-Hausdorff approximation can be approximated by a homeomorphism [21, 27] . In 2012, Rong and Xu investigated further this idea to study stability of exponential Lipschitz and coLipschitz maps in Gromov-Hausdorff topology [30] . Recently, Arbieto and Morales used techniques of [34] to establish stability under Gromov-Hausdorff topology for expansive maps having pseudo-orbit tracing property [1] . After that, combining ideas of [1] and [8] , Arbieto and Morales' result has been extended for such actions of a finitely generated group G in [10] and [22] . In another side, several stability results of equivariant Gromov-Hausdorff topology also have been proved for certain isometric actions [13, 18, 19] . Now, in this paper we will establish a result of stability under equivariant Gromov-Hausdorff distance for non-isometric actions of countable groups G and H. More precisely, we prove Theorem 1.1. If an action α of a countable group G on a proper metric space X is expansive and satisfies POTP then it is strongly GH-stable. Moreover:
(1) if c > 0 is an expansive constant of α then for every 0 < ε < c there exists δ > 0 such that if β is a continuous action of a topological group H on a metric space (Y, d Y ) with d GH (α, β) < δ then there exist an ε-isometry h : Y → X and a homomorphism ρ : G → H satisfying α g • h = h • β ρ(g) for every g ∈ G. (2) if furthermore Y is compact then we can find a such continuous map h.
Lastly, in a breakthrough result [23] , Lott and Villani introduced a notion of synthetic lower Ricci curvature bound for general metric-measure spaces beyond Riemmannian manifolds via optimal transport. Their approach is in terms of Wassertein spaces (P 2 (X), W 2 ). In sections 4 and 5 of that paper, they showed that in certain cases, the lower Ricci curvature bounds are preserved under quotienting of an isometric action of a compact group. Inspired by this result, we establish several equivariant Gromov-Hausdorff convergence results for induced actions on Wassertein spaces (P p (X), W p ) of continuous actions of topological groups on compact metric spaces X. The first result in this direction is for general continuous actions of topological groups. Theorem 1.2. Let {α n } be a sequence of continuous actions of a topological group G on compact metric spaces {X n } and for every p ≥ 1, let (α n ) * be the induced action of α n on P p (X n ) for every n ∈ N. If lim n→∞ d mGH (α n , α) = 0 for some continuous action α of G on a compact metric space X then lim n→∞ d mGH ((α n ) * , α * ) = 0.
In the case the sequence α n are isometric actions of a compact group G on compact metric spaces X n converging to an isometric action of G on a compact metric space X under equivariant Gromov-Hausdorff distance, we prove that the spaces of Ginvariant measures P p (X n ) G converges to P p (X) G in the Gromov-Hausdorff topology. Theorem 1.3. Let {α n } be a sequence of isometric actions of a compact group G on compact metric spaces {X n } and for every p ≥ 1, let (α n ) * be the induced action of α n on P p (X n ) for every n ∈ N. If lim n→∞ d GH (α n , α) = 0 for some isometric action α of G on a compact metric space
Furthermore, we prove a generalization version of theorem 1.3 for isometric actions of a locally compact, σ-compact amenable group G. Theorem 1.4. Let {α n } be a sequence of isometric actions of a locally compact, σ-compact amenable group G on compact metric spaces {X n } and for every p ≥ 1,
As a consequence, Corollary 1.5. Let G be a σ-compact, locally compact amenable group and let {α n } be a sequence of isometric actions of G on compact metric spaces {X n }. Assume that lim n→∞ d GH (α n , α) for some isometric action of G on a compact metric space X. If α is uniquely ergodic then eventually α n is uniquely ergodic.
The paper is organized as following. In Section 2, we review Gromov-Hausdorff distance for the space of all metric spaces, and Wasserstein spaces. In Section 3, we define our adapted definitions for equivariant Gromov-Hausdorff distances for group actions and present their basic properties: the subsections 3.1 and 3.2 are for the cases of actions of a topological group G, and actions of topological groups G and H, respectively. We also prove in this section theorem 1.1 and illustrate examples that it can apply. Finally, in Section 4, we will explain whenever Gromov-Hausdorff approximations can be approximated by measurable ones and then prove theorems 1.2, 1.3, 1.4.
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Preliminaries
First, we recall definitions of Gromov-Hausdorff distance on the space of all metric spaces and their basic facts. For more details, the readers could read in [5, 29, 31] . Let (X, d) be a metric space and let ε > 0. A subset S of X is called an ε-net if B ′ ε (S) = X, i.e. for every x ∈ X, there exists s ∈ S such that d(x, s) ≤ ε. Definition 2.1. Let (Z, d) be a metric space and X, Y be subsets of Z. The Hausdorff distance between X and Y , denoted by
Definition 2.2. Let X and Y be metric spaces. The Gromov-Hausdorff (GH) distance between X and Y , denoted by d GH (X, Y ), is defined as the infimum of r > 0 such that there exist a metric space (Z, d) and its subspaces X ′ and Y ′ being isometric to X and Y respectively such that d H (X ′ , Y ′ ) < r, and is ∞ if the infimum does not exist.
The GH-distance d GH is a metric on the space of all isometry classes of compact metric spaces [5, Theorem 7.3.30] . 
We call a map f : X → Y is an ε-isometry if it is an ε-isometric map and Y = B ′ ε (f (X)). In this case the map f is also called an ε-GH approximation from X to Y .
For every ε > 0, if d GH (X, Y ) < ε then there exists a 2ε-GH approximation from X to Y ; and if there exists an ε-GH approximation f :
Definition 2.5. Let X and Y be metric spaces. We define an alternative GHdistance between X and Y , denoted byd GH (X, Y ), as the following. 
Definition 2.6. Let X and Y be metric spaces and let ε, δ > 0. We say that X and Y are (ε, δ)-approximations of each other if there exist an ε-net {x 1 , · · · , x m } in X and an ε-net {y 1 
From the proof of [5, Proposition 7.4 .11] we get the following lemma Lemma 2.7. Let X and Y be metric spaces. If X and Y are (ε, δ)-approximations of each other then d GH (X, Y ) < 2ε + δ. Now, we review on Wasserstein spaces and optimal transport. The standard references for them are [32, 33] . Let (X, d) be a metric space. For every p ≥ 1, we denote by P p (X) the set of all probability Borel measures µ satisfying that there exists some (and therefore any)
It is clear that if X is bounded then P p (X) coincides with P (X), the set of all probability Borel measures of X. For every probability Borel measures µ, ν on X, we denote by (µ, ν) the set of all probability Borel measures on X × X with marginals µ and ν. This means that π ∈ (µ, ν) if and only if π is a Borel probability measure satisfying π(A × X) = µ(A), π(X × B) = ν(B), for every Borel subsets A, B of X.
For every p > 0, every µ, ν ∈ P p (X), and π ∈ (µ, ν), we define
and then define the map
, where T p (µ, ν) := inf π∈ (µ,ν) I p (π) for every µ, ν ∈ P p (X). The map W p defines a metric on P p (X) [32, Theorem 7.3 ]. If X is compact then P p (X) is also compact [33, Remark 6.19] .
For every µ, ν ∈ P p (X), we denote by Opt p (µ, ν) the set of all π 0 ∈ (µ, ν) such that I p (π 0 ) = T p (µ, ν). If X is a Polish space endowed with a metric d, i.e. the space (X, d) is complete and separable, then Opt p (µ, ν) = ∅ for every µ, ν ∈ P p (X) [32, Theorem 1.3] .
Let (X, d X ) and (Y, d Y ) be compact metric spaces and ϕ : X → Y be a Borel map. Then we have the induced map ϕ * :
The following observation would be a basic fact in optimal transport, however we have not found a reference. Therefore, we give a simple proof for completeness.
Lemma 2.8. Let (X 1 , d 1 ) and (X 2 , d 2 ) be compact metric spaces and f, g : X 1 → X 2 be measurable maps. Then for every p ≥ 1, every µ ∈ P (X 1 ), we have
Proof. Let π := (f × g) * µ be the Borel probability measure on X 2 × X 2 defined by
for every Borel sets A, B ⊂ X 2 . Then π ∈ (f * µ, g * µ) and for every non-negative measurable function ζ on X 2 × X 2 , one has
we get the result.
3. Equivariant Gromov-Hausdorff distances for group actions 3.1. Equivariant Gromov-Hausdorff distances for actions of a topological group G. For a topological group G and a metric space X, we denote by Act(G, X) the space of all continuous actions of G on X, and we denote by Act(G) :
where Y runs over all metric spaces. Before defining equivariant GH-distances on Act(G), we recall the C 0 distance between the maps f, g :
Let α and β be continuous actions of G on metric spaces (X, d X ) and (Y, d Y ) respectively. Let S be a generating set of G and let ε > 0. We say that a map
If f is furthermore measurable we say that f is an (ε, S)-measurable GHA.
Definition 3.1. Let α and β be continuous actions of G on metric spaces (X, d X ) and (Y, d Y ) respectively. Let S be a generating set of G. The equivariant GH-distance d GH,S and d mGH,S between α and β with respect to S are defined by
if the above inf exists and ∞ otherwise.
The definition of d GH,S was introduced by Abrieto and Morales [1] when G is the semigroup N and S = {1}. After that, it has been extended for actions of a finitely generated group G with S is a finite generating set of G in [10] and [22] . Note that when S = G, the definition of d GH,S (α, β) coincides with the [14, Definition
, respectively; and we also write ε-GHA for (ε, G)-GHA. For α ∈ Act(G, X) and β ∈ Act(G, Y ), we say that α and β are isometric if there exists an isometry f :
Similar to [1, Theorem 1] for the map case, here are basic properties of d GH,S .
Lemma 3.3. The distance d GH,S satisfies the following properties
, where α 0 and β 0 are trivial actions of G on X and Y respectively; (6) Suppose that there exists an isometry f :
is also an isometry and therefore for every
Now suppose that d GH,S (α, β) = 0. Then there exists a sequence of 1 n -isometries f n : X → Y and g n : Y → X such that for every n ∈ N,
As X is separable we can find a countable dense subset A = {a n } of X. Since Y is compact, there exists a subsequence {f n 1 } of {f n } such that f n 1 (a 1 ) converges to f (a 1 ) ∈ Y , and we can assume that d(f n 1 (a 1 ), f (a 1 )) < 1 for every n 1 . Similarly for a 2 and {f n 1 } we can get a subsequence f n 2 (a 2 ) converging to f (a 2 ) ∈ Y and d(f n 2 (a 2 ), f (a 2 )) < 1/2 for every n 2 . Repeating this process we get a subsequence of {f n } which we still denoted by {f n } such that for every i ∈ N, f (a i ) := lim n→∞ f n (a i ) and d(f n (a i ), f (a i )) < 1/i for every n. Therefore, we have the map f : A → Y defined by f (a) := lim n→∞ f n (a) for every a ∈ A , and furthermore f n → f uniformly. On the other hand, for every a i , a j ∈ A and n ∈ N, one has
As A is dense in X, there exists a sequence {x n } in A such that x n converges to x. It is a Cauchy sequence and hence {f (x n )} is also a Cauchy sequence and therefore has a limit f (x) := y. Then the extension map f :
), for every x 1 , x 2 ∈ X. As f n is an 1 n -isometry for every n, we obtain that f is onto and therefore f is an isometry.
Next we will prove that
As S is a symmetric generating set of G, it suffices to prove that β s • f = f • α s for every s ∈ S. Fix s ∈ S. Since for every x ∈ X, lim n→∞ f n (x) = f (x), and for every n ∈ N,
Remark 3.4. After this paper has been finished, I received the preprint [10] in which a similar result of Lemma 3.3 (6) also has been proved for the case G is a finitely generated group.
A quasi-metric on a set Z is a function q : Z × Z → [0, ∞) that is symmetric, vanishes if and only z 1 = z 2 , and there exists C > 0 such that for every x, y, z ∈ Z, q(x, y) ≤ C(q(x, z) + q(z, y)). For more details on properties of quasi-metrics, see [20, Section 14] .
On the space Act(G) we define the relation ∼ by α ∼ β if and only if α and β are isometric. Then it is an equivalence relation on Act(G). From Lemma 3.3, we know that for every symmetric generating set S of G, d GH,S is a quasi-metric on the space of isometry classes of actions of G compact metric spaces.
For a topological group G and a metric space X, we denote by Isom(G, X) the set of all isometric actions of G on X. We denote by Act IC (G) the subset of Act(G) consists of all isometric actions of G on metric spaces. Lemma 3.5. For every symmetric generating set S of G, the subset Act IC (G) is closed in Act(G) under the distance d GH,S , i.e. if there is a sequence of isometric actions α n ∈ Isom(G, X n ), where X n is a metric space for every n ∈ N, such that d GH,S (α n , α) → 0 as n → ∞ for some α ∈ Act(G, X) then α ∈ Isom(G, X).
Proof. Let α n ∈ Isom(G, X n ) be a sequence of isometric actions of G on metric spaces X n such that d GH,S (α n , α) → 0 as n → ∞ for some α ∈ Act(G, X). Then there exist a sequence ε n → 0 and ε n -isometries f n : X → X n and g n : X n → X such that
Then for every s ∈ S, x 1 , x 2 ∈ X, n ∈ N, one has
. This means that for every s ∈ S, the map α s is a nonexpanding map. As S is symmetric we obtain that for every s ∈ S, both α s and α s −1 are nonexpanding and then they are isometries. Now let G be a countable group. We recall the definitions of expansive actions and pseudo-orbit tracing property (or shadowing property). Let α be a continuous action of G on a metric space (X, d).
The action α has pseudo-orbit tracing property (POTP) if for every ε > 0 there exist δ > 0 and a finite subset S of G such that every (δ, S) pseudo-orbit is ε-traced by some point x ∈ X, i.e. d(α g (x), x g ) < ε for every g ∈ G.
POTP was introduced firstly by Rufus Bowen [2, 3] when G = Z, and has been extended for G = Z d [25] and in the case G is a finitely generated group [26] . Note that the definition of POTP in [26] is a special case of definition 3.7 because if G is generated by a finite set S then α ∈ Act(G, X) has POTP if for every ε > 0 there exists δ > 0 such that every (δ, S) pseudo-orbit is ε-traced by some point x ∈ X. Definition 3.8. The action α ∈ Act(G, X) is expansive if there exists an expansive constant c > 0 such that for every x = y ∈ X, sup g∈G d(α g x, α g y) > c.
Remark 3.9. Let α be an expansive action of a countable group G on a metric space (X,
The first result of topological stability for maps which are expansive and have POTP was established by Walters in [34] . And in [8] , Chung and Lee proved a group action version of Walters' topological stability result. On the other hand, in 2017, Arbieto and Morales used techniques of [34] to establish stability under GHtopology for expansive maps having pseudo-orbit tracing property [1] . After that, combining ideas of [1] and [8] , a version of GH-stability for such actions of a finitely generated group G has been established in [10] and [22] . Following the proofs of [8] and [22, Theorem 4 .6], we can see that the finitely generating condition of G is not necessary.
Theorem 3.11. If an action α of a countable group G on a proper metric space X is expansive and satisfies POTP then it is topological GH-stable with respect to S. Moreover:
(1) if c > 0 is an expansive constant of α then for every 0 < ε < c there exists δ > 0 such that if β is another continuous action of G on a metric space
(2) if furthermore Y is compact then we can find a such continuous map h.
As Theorem 3.11 is a special case of Theorem 1.1, we skip its proof now.
Definition 3.12. Let α n be a sequence of continuous actions of a topological group G on compact metric spaces (X n , d n ). We say that {α n } is equicontinuous if for every ε > 0, there exists δ > 0 such that for every g ∈ G, n ∈ N, and for every x n , y n ∈ X n with d n (x n , y n ) < δ, one has d n (α n,g (x n ), α n,g (y n )) ≤ ε.
Following the ideas in [16, page 66] , [17, Appendix] and [28, Lemma 11.1.9] we obtain a compactness result of equicontinuous actions. Lemma 3.13. Let {X n } be a sequence of metric spaces such that d GH (X n , X) → 0 for some compact metric space X. Then we can assume there exist sequences of 1/n-isometry maps f n : X n → X, h n : X → X n such that for every x ∈ X, x n ∈ X n , one has
Let {α n } be an equicontinuous family of continuous actions of G on X n . Then there exist a subsequence {X n k } of {X n } and a continuous action α of G on X such that α n k → α as n k → ∞ in the sense that
for every x ∈ X, g ∈ G.
Proof. Let A = {a n } be a countable and dense subset of X. Fix g ∈ G. As X is compact there exists a subsequence {n 1 } such that lim
converges to some point in X, denoted by α g (a 1 ). Using a standard diagonal argument, we can assume that there exists a subsequence
By the equicontinuity of {α n } and 1/n-isometries of f n , h n we see that the map α g : A → X is uniformly continuous and
Therefore, we can extend it to a continuous map α g : X → X. As d(x, f n • h n (x)) ≤ 1/n and d(y, f n • h n (y)) ≤ 1/n for every n ∈ N, x ∈ X, y ∈ X n , and α n is a family of equicontinuous actions, for every s, t ∈ G, a ∈ A, we have
and α e G (a) = lim k→∞ f n k • α n k ,e G • h n k (a) = a, where e G is the identity element of G. Therefore α e G = Id X and α s • α t = α st for every s, t ∈ G. The continuity of the map α : G × X → X, α(g, x) = α g (x) is clear. Hence α is a continuous action of G on X we are looking for.
Equivariant Gromov-Hausdorff distance for actions of G and H.
Let G and H be topological groups. Let α and β be continuous actions of G and H on metric spaces X and Y , respectively. For ε > 0, an ε-equivariant Gromov-Hausdorff approximation/equivariant Fukaya-Gromov-Hausdorff approximation (eGHA/eFGHA) (ρ, f ) : α → β is a couple of maps f : X → Y , ρ : G → H such that ρ is a homomorphism/ρ is a general map (not necessarily a homomorphism), and f is an ε-GH approximation satisfying sup
We define GH-distances of α and β as following.
if the above infimum exist and ∞ otherwise.
Remark 3.14.
(1) The distanced GH,1 andd GH,2 were introduced by Fukaya for isometric actions [12] [13] [14] [15] . (2) To study stability of general continuous actions which may be non-isometric, we adapt definitions of Fukaya to d GH,1 and d GH,2 by adding homomorphism condition of ρ.
The distance d GH,1 measures how close β is a factor system of α which has the factor map is nearly an isometry, and the distance d GH,2 measures how close α and β are factor systems of each other via almost isometry factor maps.
Definition 3.15.
A continuous action of a topological group G on a metric space X is topological free if for every g ∈ G, the set {x ∈ X : gx = x} is dense in X.
For every metric space X, we endow the group Isom(X) with the compact open topology. Now we present several basic properties of d GH,1 and d GH,2 .
, for every α ∈ Act(G), β ∈ Act(H); (2) Let α and β be topological free isometric actions of topological groups G and H on compact metric spaces X and Y , respectively. Assume that G and H are closed in Isom(X) and Isom(Y ). Then d GH,2 (α, β) = 0 if and only if α is isometric to β. i.e. there exist an isometry f : X → Y and an isomorphism ρ : G → H such that f • α g = β ρ(g) • f for every g ∈ G; (3) Let α be a continuous action of a topological group G on a compact metric space X. Let β be a topological free isometric action of a topological group H on a compact metric space Y . Assume that H is closed in Isom(Y ). Then d GH,1 (α, β) = 0 if and only if β is an isometric factor of β, i.e. there exist an isometry map f : X → Y and a homomorphism ρ :
• f for every g ∈ G; (4) Let α, β, γ be continuous actions of topological groups G, H, K on metric spaces X, Y and Z respectively. Then
Proof.
(1) is clear from definitions. 
The remaining case is similar. If one of d GH,1 (α, γ), d GH,1 (γ, β) is ∞ then we are done. Now we assume that d GH,1 (α, γ) < ∞ and d GH,1 (γ, β) < ∞. Fix ε > 0. Then there exist an ε 1 -isometry f : X → Z, an ε 2 -isometry v : Z → Y , and homomorphisms ρ :
Hence, for every x ∈ X and g ∈ G, one has
On the other hand, it is clear that the map v • f : X → Y is an (ε 1 + ε 2 )-isometry and therefore it is also an 2(ε 1 + ε 2 )-isometry. Hence
Lemma 3.17.
(1) Let {α n } be a sequence of nonexpanding actions of topological semigroups G n on metric spaces X n . Assume that d GH,1 (α, α n ) → 0 as n → ∞ for some action of a topological semigroup G on a metric space X. Then α is a nonexpanding action.
(2) If we assume furthermore that all G n and G are topological groups and the actions α n are isometric then so is the action α.
(1) As lim n→∞ d GH,1 (α, α n ) = 0, there exist 1/n-isometries f n : X → X n and homomorphisms ρ n :
Therefore, for every g ∈ G, x 2 ). This means that for every g ∈ G, the map α g is a nonexpanding map.
(2) From (1) we know that for every g ∈ G, α g and α g −1 are nonexpanding map and then they are isometries. Definition 3.18. An action α of a topological group G on a metric space X is strongly GH-stable if for every ε > 0, there is δ > 0 such that for every continuous action β of a topological group H on a metric space Y with d GH (α, β) < δ there are a continuous ε-isometry h : Y → X and a homomorphism ρ :
Before proving theorem 1.1, let us present a version of [8, Lemma 2.10] and [22, Lemma 4.5] for an expansive action of a general countable group on a proper metric space. We recall that a metric space X is proper if every closed ball is compact.
Lemma 3.19. Let α be an expansive action of a countable group G on a proper metric space (X, d) and let c be an expansive constant of α. Then, for every x ∈ X, every ε > 0, there exists a non-empty finite subset F of G such that whenever
Proof. We will prove by contradiction. Fix x ∈ X. Assume that there exists an ε > 0 such that for every non-empty finite subset F of G, there exists y F ∈ X such that sup g∈F d(α g x, α g y F ) ≤ c and d(x, y F ) ≥ ε. Choose a sequence of finite subsets F n of G such that {e G } ⊂ F 1 ⊂ F 2 ⊂ · · · and G = n∈N F n . Then for every n ∈ N, there exists y n ∈ X such that sup g∈Fn d(α g x, α g y n ) ≤ c and d(x, y n ) ≥ ε. As X is proper, after taking a subsequence, we can assume that y n → y. Then we have d(α g x, α g y) ≤ c for all g ∈ G and d(x, y) ≥ ε which contradicts with the expansiveness of α. Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. (1) Let ε > 0 with ε < c and take 0 < ε 1 < ε/4. As α has POTP there exist δ > 0 and a finite subset S of G such that every (δ, S)-pseudoorbit is ε-traced by some point x ∈ X. We can choose δ < ε 1 . Let β be a continuous action of a topological group H on a metric space Y such that d GH (α, β) < δ. Then there are a δ-isometry u : Y → X and a homomorphism ρ : G → H such that d(u • β ρ(t) , α t • u) < δ for every t ∈ G. Hence, for every y ∈ Y and every s ∈ S, t ∈ G, one has
Thus for every y ∈ Y , {u(β ρ(t) y)} t∈G is a (δ, S)-pseudo-orbit for α. Hence, there exists x ∈ X such that d(α t x, u(β ρ(t) y)) < ε 1 for every t ∈ G. By expansiveness of α and the choice of ε 1 , from remark 3.9 such an x is unique denoted by h(y) . Then we get the map h : Y → X satisfying d(α t h(y), u(β ρ(t) y)) < ε 1 , for all y ∈ Y, t ∈ G ( * ).
In particular, we have sup y∈Y d(h(y), u(y)) ≤ ε 1 . Therefore, for every y 1 , y 2 ∈ Y , we have
On the other hand, one has
Therefore the map h : Y → X is an ε-isometry. Now we will prove that α t • h = h • β ρ(t) for every t ∈ G. By (*), for every y ∈ Y and t 1 , t 2 ∈ G, one has
Hence applying remark 3.9, we get α
(2) Let ε 2 > 0. As c is an expansive constant of α, applying lemma 3.19, there exists a non-empty finite subset A of G such that whenever sup t∈A d(α t x, α t y) ≤ c one has d(x, y) < ε 2 . As Y is compact and β is a continuous action, we can choose δ 1 > 0 such that for every y 1 , y 2 ∈ Y with d(y 1 , y 2 ) < δ 1 , one has d(β ρ(t) y 1 , β ρ(t) y 2 ) < c/4 for every t ∈ A. Then for every y 1 , y 2 ∈ Y with d(y 1 , y 2 ) < δ 1 and t ∈ A, applying (*) we get
Hence d(h(y 1 ), h(y 2 )) < ε 2 for y 1 , y 2 ∈ Y with d(y 1 , y 2 ) < δ 1 , it means that h is continuous.
Remark 3.20. It would be interesting to ask whether we have a version of Theorem 1.1 for actions of a general topological group G. If the group G is not countable, the definition 3.8 is not good to define expansiveness for an action of G. For example, in the case G = R, if we define expansiveness for a continuous action α of G on a compact metric space X as that there exists a constant c > 0 such that sup t∈R d(α t x, α t y) < c implies x = y, then no such actions exist [4, page 181]. Now we illustrate some examples of expansive actions having POTP.
Example 3.21. Let A ∈ GL n (R) and define the map T : T n → T n , x → Ax (mod Z n ). If A does not have eigenvalues of modulus 1 then T is expansive and has POTP. Example 3.22. Let G be a finitely generated virtually nilpotent group, i.e. G has a nilpotent subgroup with finite index. Let α be an action of G on a compact metric space X. If there is some g ∈ G such that α g is expansive and has POTP then the action α is expansive and has POTP [8, Theorem 2.11] .
Combining with the previous example, we see that if we choose a finitely generated nilpotent subgroup G of GL n (R) such that there exists g ∈ G which does not have eigenvalues of modulus 1, then the natural action of G on T n is expansive and has POTP.
Example 3.23. Let G be a countable group. Then every subshift G X, where X ⊂ A G for some finite set A, is expansive. Furthermore, the subshift G X has POTP if and only if it is of finite type [8, Theorem 3.2].
Example 3.24. Let G be a countable group. We denote by ZG the group ring of G with coefficients in Z. It consists of finitely supported Z-valued functions f on G, which we shall write as s∈G f s s. The algebraic structure of ZG is defined by
We denote by ℓ 1 (G) the Banach algebra of all absolutely summable R-valued functions on G, equipped with the ℓ 1 -norm · 1 . We shall write f ∈ ℓ 1 (G) as s∈G f s s.
) the space of all k × k matrices with entries in ℓ 1 (G). The involution of ℓ 1 (G) also extends naturally to an isometric linear map on M k (ℓ 1 (G)) given by
For a locally compact abelian group X, we denote by X its Pontryagin dual. Note that for each k ∈ N, we may identify the Pontryagin dual ◊ (ZG) k of (ZG)
Let α A be the natural left action of 
Actions on Wasserstein spaces
As in this section we deal with induced actions on Wasserstein spaces, we need GH-approximations are measurable. We first prove that for certain actions we can replace eGHAs by measurable ones.
The following lemma would be well known, however we have not found it in the literature. Therefore, for completeness we give a simple proof here which follows from the idea of the proof of [31, Lemma 3.5] .
Lemma 4.1. Let X and Y be metric spaces. Let ε > 0 and f : X → Y be an ε-GH approximation. Let f ′ : Y → X be the inverse 3ε-GH approximation of f as in definition 2.4.
(1) If X is separable then there exists a 5ε-GH approximation
As X is separable, there exists a countable dense subset {x n } n∈N of X. We put
is a disjoint covering of X and B n is measurable for every n ∈ N. For every x ∈ X, there exists a unique n such that x ∈ B n . We define the map
On the other hand, for every y ∈ Y , there exists x ∈ X such that d(y, f (x)) ≤ ε and
Similar to (1), we can find a 9ε-GH approximation f
Lemma 4.2.
(1) Let α and β be continuous actions of topological groups G and H on metric spaces X and Y , respectively. Let ε > 0 and (ρ, f ) : α → β be an ε-eFGHA. Assume that X is separable and β is an isometric action. Then there exists a 5ε-eFGHA (ρ, f 1 ) : α → β such that f 1 is measurable. (2) Let α and β be continuous actions of a finitely generated group G on metric spaces X and Y respectively, and let S be a finitely generating set of G. Let ε > 0 and choose ε ′ > 0 such that for every y, y
(1) From lemma 4.1, there exists a 5ε-GH approximation f 1 : X → Y such that f 1 is measurable and d(f (x), f 1 (x)) ≤ 2ε for every x ∈ X. On the other hand, for every x ∈ X, g ∈ G, one has
(2) The proof is similar as in (1).
Inspired by [23, Corollary 4 .3], we get the following lemma. Lemma 4.3. Let α 1 and α 2 be actions of a topological group G on compact metric spaces (X 1 , d 1 ) and (X 2 , d 2 ), respectively. If f : X 1 → X 2 is an ε-measurable GH approximation from α 1 to α 2 then for every p ≥ 1, the map f * : P p (X 1 ) → P p (X 2 ) is anε-measurable GH approximation from (α 1 ) * and (α 2 ) * , whereε = 8ε
As the function h(x) = x p , x ≥ 0 has h ′ (x) = px p−1 , we have for every x, y ≥ 0,
Therefore, for every y 1 ) ). And hence,
be the measurable GH-approximate inverse of f as in lemma 4.1. Then f ′ is a 9ε-Gromov-Hausdorff approximation from X 2 to X 1 , and sup
) ≤ 4ε and sup
Applying the same process as above we get
As sup
We say G is amenable if for every compact subset K of G and every ε > 0, there exists a Borel subset F of G such that 0 < λ(F ) < ∞ and
where ∆ denotes the symmetric difference of sets. Compact groups, solvable groups, and groups of subexponential growth are standard examples of amenable groups.
If G is a locally compact amenable group and G is σ-compact, i.e. G = ∞ n=1 V n , where V n is a compact subset of G for every n ∈ N. We can consider G = ∞ n=1 K n , where K n is a compact subset of G and K n ⊂ K n+1 , for every n ∈ N. As G is amenable, there exists a sequence of Borel subsets {F n } n∈N of G such that for every n ∈ N, 0 < λ(F n ) < ∞ and λ(gF n ∆F n ) λ(F n ) < ε, for every g ∈ K n .
Therefore, lim n→∞ λ(gFn∆Fn) λ(Fn) = 0, for every g ∈ G. A such sequence {F n } n∈N is called a left Følner sequence of G.
Another characterization of amenability of a locally compact group G is that every continuous action of G on a compact metric space X always has an invariant probability measure, i.e. P (X) G = ∅. Let α and α 1 be continuous actions of a locally compact, σ-compact amenable group G on compact metric spaces (X, d) and (X 1 , d 1 ), respectively. Let λ be a left Haar measure of G and let {F n } n∈N be a left Følner sequence of G.
Fix p > 1 and ε > 0. Let S = {µ 1 , · · · , µ N } be an ε-net of P p (X) G and let f : X → X 1 be an ε-measurable GH approximation. As P p (X 1 ) is compact in the weak*-topology, there exists a subsequence of { 1 λ(Fn) Fn α 1 (g) * (f * µ 1 )dλ(g)} which we still denoted by the same sequence such that 1 λ(Fn) Fn α 1 (g) * (f * µ 1 )dλ(g) → ϕ S (µ 1 ) in the weak*-topology as n → ∞. Do the same process for µ 2 , µ 3 , · · · , we can define that for every 1 ≤ k ≤ N, ϕ S (µ k ) := lim n→∞ 1 λ(Fn) Fn α 1 (g) * (f * µ k )dλ(g). Now we prove that ϕ S (µ k ) ∈ P p (X 1 ) G for every 1 ≤ k ≤ N. Given u ∈ C(X 1 ), µ k ∈ S, and h ∈ G, one has
Therefore,
As f ′ : X 1 → X is a 9ε-measurable GH approximation, similar as above, we get that W p (ϕ ′ S (ϕ S (µ i )), ϕ ′ S (ϕ S (µ j ))) ≤ W p (ϕ S (µ i ), ϕ S (µ j )) + (9pMε) 1/p , for every i, j. On the other hand, for every i, one has Since f is an ε-GH approximation from α to α 1 , for every h ∈ G, we get
In another side, because sup x∈X d(x, f ′ (f (x)) ≤ 4ε, and f ′ : X 1 → X is a 9ε-GH approximation, for every g, h ∈ G, x ∈ X, one has
Therefore, applying lemma 2.8, for every g, h ∈ G, 1 ≤ i ≤ N, we get
′ * α 1 (h) * f * µ i , α(gh) * µ i ) ≤ 14ε. For every g, h ∈ G, 1 ≤ i ≤ N, let π gh,i ∈ Opt p (µ i , α(g) * f ′ * α 1 (h) * f * µ i ) then 
